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Abstract

This study introduces a new framework for investigating tsunami propagation and its interaction with bathymetry
by decomposing total energy into kinetic and potential components. Unlike conventional approaches based on wave
amplitude or energy flux, this decomposition reveals local energy imbalances that arise when a tsunami interacts with
variable bathymetry. These imbalances provide a new diagnostic tool for quantifying reflection and for distinguishing
regions dominated by velocity (kinetic energy) or sea-level displacement (potential energy). The method is first tested
in an idealized channel with a depth discontinuity. In addition to the expected incident, reflected, and transmitted

This imbalance forms the basis for defining a new reflection coefficient. The approach is then applied to the 2011
Japan Tohoku Tsunami. Results show that kinetic and potential energies remain in equilibrium during long-distance
propagation but diverge near major bathymetric features such as Koko Guyot Seamount and Hess Rise, where the
imbalance depends on the relative depth between the seafloor and the seamount summit. Finally, an elliptical ssamount
model illustrates the limitations of the method and clarifies the conditions under which energy imbalance is most

waves, an imbalance between kinetic and potential energy emerges, with its magnitude controlled by the depth contrast.
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1. Introduction

Tsunami waves predominantly originate from vertical sea-
floor motion, which imparts vertical oscillations to the
ocean surface. This process initiates the conversion of
potential energy into the kinetic energy of waves. The
temporal evolution of kinetic and potential energy dur-
ing the initial stages of tsunami generation has been de-
tailed by Dutykh and Dias (2009) and Okal (2021). Over
time, the energy conversion leads to equilibrium, where
potential and kinetic energies become equal during wave
propagation. Similar temporal changes occur in landslide-
generated tsunamis. Analyses by Abadie et al. (2012) and
Lopez-Venegas et al. (2014) indicate that energy equilib-
rium is disrupted within the wave-generation area and
near the surface of the landslide. However, once the initial
wave propagates beyond the generation zone, its potential
and kinetic energies stabilize. The fundamental concepts
of the temporal evolution of tsunami wave fields were for-

© 2026 The Author(s). This is the Open Access article distributed
under the terms of the Creative Commons Attribution Licence.

mulated by Munk (1963). He emphasized that tsunami
energy evolves through dispersion, refraction, scattering,
and the leakage of energy from its source region into ad-
jacent oceans. A more recent study by Fine et al. (2013)
examined tsunami wave fields in the Pacific Ocean and
demonstrated that the evolution of tsunami energy follows
the law of energy equipartition. This was confirmed for
the 2011 Japan tsunami through a combination of statisti-
cal analysis, numerical modeling, and observational data.
Marchuk (2022) demonstrated the applicability of total
energy derived from shallow water equations. His investi-
gation focused on energy interactions with a conical island,
assessing the proportions of wave energy reflected by the
island and captured by its conical shelf. Tang et al. (2012)
extensively utilized total energy concepts for the Japan
Tohoku Tsunami. They developed a method to compute the
total energy transmitted by tsunami waves by combining
deep ocean pressure measurements with numerical mod-
els. The source function for tsunamis was also constructed
using a linear model for tsunami propagation in the deep
ocean and the available computed energy. Numerous appli-
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cations of this approach show that propagated energy and
source location are critical for predicting tsunami impacts.
Understanding how tsunami energy evolves over time, par-
ticularly its decay rate, is crucial for tsunami prediction
and warning. Based on tsunami gauge recordings during a
recent megatsunami in the Pacific, Rabinovich etal. (2013)
estimated the mean energy decay time to range from 17 to
25 hours. The rate of decay depends on the tsunami wave
frequency; shorter period tsunamis decay faster, while
longer period tsunamis decay more slowly. The mecha-
nism of transmitting tsunami energy from its source to
various global ocean regions can be investigated through
energy flux, a key term in the energy balance equation, see
Kowalik (2008). Energy flux contours applied to the Kurile
Islands Tsunami of 2006 (Kowalik et al., 2008) and the
Japan Tohoku Tsunami of 2011 (Horrillo et al,, 2012; Tang
etal., 2012) identified Koko Guyot and Hess Rise as critical
bathymetric features responsible for scattering and refo-
cusing tsunami signals. The time history of energy fluxes
demonstrated that waves scattered from Koko Guyot were
the cause of the late arriving maximum observed wave
amplitude at Crescent City approximately two hours after
the arrival of the initial wave. By integrating the energy
flux over time, Yoon et al. (2014) introduced the concept
of net energy flow per unit width during a given time inter-
val. This approach made it possible to clearly establish the
connection between tsunami sources and sinks. The net
energy flow revealed how submerged rises-and ridges cap-
ture tsunami energy and channel it toward coastal areas.
The application of the energy conservation and the variabil-
ity of potential and kinetic energies to study tsunamirunup
and rundown was successfully demonstrated by Li (2000)
and Zhao et al. (2012). The interaction of tsunamis with
prominent bathymetric features is often linked to wave
reflection, transmission, and scattering, see Mofjeld et al.
(2000). Their analytical theory, based on linear long-wave
equations, examined tsunami wave scattering by idealized
topography. This research also introduced a scattering
index to estimate regions where ocean bathymetry signifi-
cantly scatters tsunami waves (Mofjeld at al., 2001). The
index is based on the relative depth between the ocean
floor and the top of the bathymetric feature. Given that
numerical models provide the distribution of kinetic and
potential energy at each time step, the objective of this
study is to evaluate the use of local kinetic and potential
energy imbalance to investigate the evolution of tsunamis
over spatially varying bathymetry. The following Sections
2 and 3 introduce the equations of motion and the corre-
sponding energy-conservation relations, with particular
emphasis on energy fluxes in progressive and reflected
waves. Section 4 presents numerical experiments of wave
propagation in a channel with a bottom break, demon-
strating how the energy-based reflection coefficient relates
to the resulting interference pattern. Section 5 describes
the 2011 Japan Tohoku tsunami. Temporal relationships
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between kinetic and potential energies are examined in
Section 6 and in Subsections 7.1 and 7.2. To reproduce
and emphasize the key findings, Subsection 7.3 employs a
simplified model of an elliptical seamount. Section 8 sum-
marizes the results and discusses broader applications of
energy-based diagnostics.

2. Equations of motion and continuity

While the equations of motion, continuity, and energy con-
servation are well known, it is helpful to repeat them here
to define notations and units, especially for kinetic and po-
tential energy and various forms of energy flux. Equations
used in tsunami study are the long waves (shallow water).
Only horizontal (vertically averaged) velocity components
u and v are considered in these equations. Shallow wa-
ter equations of motions along the x (pointing eastward)
and y (pointing northward) coordinates take the following
form, see Horrillo et al. (2021),

du ou

a
E+ua+va—y—fv—

9 (-1
S E Sl 2y Y
gax+ pD + JYAYS

(1)

and

b (2)

The equation of continuity for the vertically averaged mo-
tion is defined as,

¢ dwD)  d(wD) _
at dx ay

0 (3)

In the above equations: u and v are the velocity com-
ponents, ( is the sea level, D the depth, p the density, f
the Coriolis parameter, 75 the surface stress, 7P the bottom
stress, and N, the horizontal eddy viscosity. Bottom stress
is a function of current and is frequently formulated as

72 =pRuvu?+v? and 15 =pRvvu?+v? (4)

with dimensionless drag coefficient R in the deep water
set to about 0.003.

3. Energy equation

The energy equation, is related to the physics of tsunami
generation, propagation, and dissipation. This equation
can be derived from the above equations of motion and
continuity, see Horrillo et al. (2021),
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10
537 PP W? +v?) +pgl?]

+ % {puD[W?+v?)/2+ gQ]}

+%{p1}D [W?+v?)/2+gQ]} = ()

(tSu+tyv—tlu—1bv)

+ puDNyAu + pvDNyAv

In this form, Eq. (5) can be seen to be a specific case
of the general statement of conservation of energy. The
first term on the LHS is the time rate of change of kinetic
energy plus potential energy density, defined here as the
rate of change of energy stored within a fluid column of
unit surface area, centered on the point x,y, and extending
from the ocean bottom —H to the surface {. The units
are, therefore, power per unit area. The potential energy
density, e, = pg{?/2, arises from the work required to
build a mound of sea water of unit area and ¢ meters above
mean sea level. The kinetic energy density is defined by
the product of fluid column depth times current magnitude
squared, so e, = Dp(u? 4+ v?)/2. The terms on the RHS of
Eq. (5) are source terms. From left to right, these are power
inputs from bottom and surface stresses and horizontal
friction. Bottom and surface stresses are due to bottom
friction and wind stress. Wind stress is usually neglected
in the study of tsunamis, as tsunami energy dissipation
occurs mainly through the action of bottom friction. The
remaining two terms on the LHS of Eq. (5) are identified as
energy transport into and out of the fluid column. They can
also be viewed as the divergence of an energy flux vector,
E;,, which is expressed in the Cartesian coordinate system
as

Ep ={puD[(u® +v?) /2+ 9],
pvD [(u? +v?%) /2 + g{|}

The first order approximation (not valid in very shallow
water), is

(6)

En1 = {pgHu{,pgHv{}

Itis often used to describe the transfer of energy from point
to point. Note that just as in the derivation of Eq. (5), the
Coriolis terms have been dropped out. The above formulas
can be simplified by considering frictionless propagation
of the linear wave propagating in the positive x direction,
see Kowalik and Murty (1993). In progressive long waves
the sea level

(6a)

¢ ={,cos(wt—kKx) (7)

and the velocity are connected by the following expression,
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u= (a\/gcos(wt— KX) (8)

Introducing the above expressions into eq. (6a) for the
energy flux, the energy flux reads, see Nekrasov (1992)

Ep = %pg\/g_H{,%[1+c052(wt—Kx)] 9)

The energy flux of the progressive wave is always posi-
tive and it changes from zero to pg\/g_H 2 Itis aligned
with the direction of propagation, but not with velocity
which can be positive and negative, it propagates in the
same direction as the sea level and velocity, and its period
of propagation is twice as short as that of the sea level
or velocity. The maximum sea level does not require the
knowledge of velocity. For the full calculation using Eq.(9)
one can apply observational sea level data from buoys or
coastal gauges, see Koshimura et al. (2008). The general
solution in the channel is a superposition of two waves
running in positive and negative x directions. Considering
incident and reflected wave in the channel,

¢ = {gcos(wt —kx) + {j cos(wt + Kkx) (10)

The above amplitudes can be connected by the reflection
coefficient r = 3, /,,

¢ = {,cos(wt—Kx)+r{,cos(wt+Kkx) (1
and the associated velocity is
g
u= (a\/;[cos(wt—lcx)—rcos(wt+Kx)] (12)

Energy flux in this combined wave, computed according to
the first term in Eq. (6a)

1
En1 =509V gHGE (1-17)
X [1+ cos2 (wt —kx)]
+pg+) gHZr? sin(2wt) sin(2kx)

is a sum of progressive wave (see eq. 9) and standing wave
fluxes, the result of the superposition of two waves. Treat-
ing the energy flux as a vector, the analogous expression for
the second horizontal component is obtained by replacing
x with y and u with v. The value of the energy flux in both
the progressive wave and the standing wave depends on
the reflection coefficient, r. As a standing wave has half
the wavelength of the progressive wave, the energy flux in
the standing wave is changing at the quarter wave length
between nodes where velocity and kinetic energy are at

(13)
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maximum, and antinodes where sea level and potential en-
ergy are at maximum. In the standing wave there is no net
energy propagation over time. Only the energy is fluxing
over one quater wavelenth from kinetic to potential energy
and vice versa. Therefore the energy is switching between
kinetic and potential over a quarter wavelength. The two
energies oscillate out of phase with one another. The vari-
able energy fluxes ought to be related to the difference in
the kinetic and potential energy when the progressive and
standing wave occur together. For simplicity the amplitude
and velocity are rewritten as sum and difference of two
terms, see Lamb (1945).

{=A+B and u=J%M—B) (14)

Here A denotes incident and B reflected wave. With the
help of the above solution, the potential and kinetic energy
are defined as,

2
g%—=§(A2+BZ+2AB) and
H g
2 =2 (42 2 _
S U ZM +B%—24B)

(15)

The interaction between the two waves is expressed by
the interference term (AB). Without this term, the poten-
tial and kinetic energies remain equal at every time step.
The interference term introduces variability into the ki-
netic and potential energies. It varies over time due to the
interaction between the incident and reflected waves, lead-
ing to fluctuations in the kinetic and potential energy val-
ues. When the trough of the incident wave aligns in phase
with the trough of the reflected wave, potential energy
dominates. Conversely, when kinetic energy dominates,
the combined sea level of the incident and reflected waves
is minimal. If the incident and reflected waves become
separated, the interference process ceases, and the kinetic
and potential energies return to their equilibrium states.
The interference term also highlights significant deviations
from the equality of potential and kinetic energies during
the process of wave reflection at a topographic discontinu-
ity. The magnitude of these deviations correlates with the
strength of the interference term, which depends on the
amplitude of the reflected wave B. This amplitude, in turn,
is influenced by the depth difference between the oceanic
floor (H,;) and the top of the bathymetric feature (Hy). As
described in Eq. (13), the interference term evolves over
time, reflecting the energy transfer between maximum
kinetic energy and maximum potential energy, and vice
versa. According to Eq. (15), the maximum difference be-
tween potential and kinetic energy is given by g2Max(AB).
The relative strength (;) of this term defines the reflective
properties of the topographic discontinuity.
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_ Max(|ep—ek|) _ 2Max(4B)
B ~ A%2+4B?

’ e, +ex (16)
The coefficient 7; varies within the range 0 < r; < 1. Along
a smooth bottom, where e, =¢,1;=0.Ata vertical wall,
where u = 0, e, = 0, ; = 1. The purpose of this research is
to apply the above energy relation to study the interaction
of tsunamis with bathymetry.

4. Numerical experiments in the channel of
4500 m and 500 m depth with an
interconnecting depth break

This numerical experiment simulates wave propagation in
a 1000 km-long channel. At 800 km from the left bound-
ary, the channel’s depth changes abruptly from 4500 m to
500 m. Right of this depth transition, the new constant
depth continues for 200 km;, as shown in the upper panel
of Figure 1. For future reference, the depth in the deeper
portion of the channel is denoted as H; and in the shallow
portion H. The simulation does not include bottom fric-
tion (R = 0.0) or nonlinear terms. A short spatial step of
500 m and a time step of 0.1 s are chosen in the numerical
solution to resolve all the details of the wave propagation.

The equations of motion and continuity used in this
experiment are as follows,

du aq

— = _g= 17
ot~ Jox (7
a¢ d(uD)

= = 18
Jat d0x 0 (18)

The energy equation is,

10 0

__ 2 2) 4 — = 19
53¢ (PDU2 +pg¢?) + — (pgDu¢) = 0 (19)

The initial instantaneous displacement of the free sur-
face is defined as a half-sinusoid with a height of 1 m. This
displacement, spanning a length of 150 km, is located be-
tween 100 km and 250 km, and its period is 11.9 min.
Figure 1, lower panel, illustrates the time history of wave
propagation within the channel. The initial displacement
subdivides into a pair of waves, each 0.5 m height, prop-
agating to the left (2a) and the right(2b). The leftward
moving wave exits the channel, while the rightward mov-
ing wave is shown at various times with different colors
as it propagates along the channel. The wave’s shape re-
mains well-preserved within the deep section of the chan-
nel (first 800 km). Impinging on the abrupt bottom change,
where the bottom rises from 4500 m to 500 m, the wave
is partially reflected to the left (3), while the transmitted
right-going wave continues into the shallower section (4).
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Figure 1. Lower panel: Wave propagating in the channel. (1) Initial displacement. (2a) Wave exiting the channel through
the left open boundary. (2b) Wave moving to the right, with different colors representing different times, from violet
(earliest) to red (latest). (3) Waves reflected to the left from the bottom break at 800 km. (4) Wave propagating in the
shallow channel. The red color indicates the latest phase of propagation, appearing in the left-going reflected wave within
the deep domain (3) and in the right-going transmitted wave within the shallow domain (4). Upper panel: Bathymetry.

The wave in this shallow domain is symmetrical; however,
due to the reduced depth, its height increases and its wave-
length shortens relative to the deeper region.

To study the evolution of energy over time, one can
observe how a wave passes through a fixed point in the
numerical grid. Kim and Son (2018) proposed a more
effective approach: integrating potential and kinetic en-
ergy along the channel at each time step. This method
tracks the wave’s leading front, providing a clearer pic-
ture of energy evolution. In Figure 2 (upper panel), this
approach is applied to show the time history of potential
and kinetic energy. At the initial moment (1), all energy
is stored as potential energy, represented by the brown
line with diamonds. The channel integration at this stage
yields 73.6 joules. As the wave begins to propagate, po-
tential energy decreases, while kinetic energy, as shown
by the blue line, increases—reflecting the conversion of
potential energy into kinetic energy as particles begin to
oscillate. Approximately six minutes after the start, when
the two waves (2a and 2b in Figure 1) are fully separated,
equilibrium is reached (stage 2), with both potential and
kinetic energy equal to 36.8 joules. From stage 2 to stage
3, the total energy diminishes as the left-going wave (2a)
exits the channel through the open left boundary. Dur-
ing the interval marked as domain 3, potential and kinetic
energy remain balanced at 18.4 joules, indicating steady
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Figure 2. Lower panel. Brown color: energy flux. Upper
panel energy in time. Brown color (line/diamond) is for
potentiall and blue color for kinetic energy. 1 - initial dis-
tribution. 2 - Equilibrium of energy. 3 - Propagation in
the deep channel. 4 - Reflection from the depth break. 5 -
Propagation in the deep and shallow channels. 6 - Wave

leaves the channel.
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rightward propagation of the remaining wave. However,
when the wave encounters an abrupt change in depth, lead-
ing to partial reflection, the interaction between the inci-
dent and reflected waves creates an interference pattern
in the energy plot (4). The largest disparity between po-
tential and kinetic energies occurs when the crest of the
incident wave aligns with the crest of the reflected wave,
causing a peak in potential energy and a corresponding
minimum in kinetic energy. In time domain 5, equilibrium
is reestablished. During this period, the propagation in-
volves the rightward-moving wave in the shallow part (4
in Figure 1) of the channel and the leftward-moving re-
flected wave in the deep section (3 in Figure 1). In domain
6, only the reflected wave in the deep channel remains,
while the forward-propagating wave in the shallow region
has exited the channel. The energy flux shown in Figure 2
(lower panel) reflects the stages outlined in the energy
plot above. Although a positive energy flux indicates right-
ward propagation, it does not necessarily imply that all
waves are traveling rightward. Initially, during the energy
transformation phase (1-2), the energy flux remains close
to zero. The increase in energy flux corresponds to the
propagation of two waves (Figure 1, 2a and 2b eventually
resulting in a single rightward-traveling wave (3) that pro-
duces a constant, elevated energy flux. In the time domain
5, the lower energy flux results from the interaction of the
reflected wave in the deep channel (negative flux) with
the rightward-moving wave in the shallow channel. In the
time domain 6, as the wave in the shallow domain has ex-
ited, the energy flux turns negative, indicating that only the
reflected wave in the deep region continues to propagate.

A significant result of this numerical experiment is the
observed relationship between potential and kinetic en-
ergy. During wave propagation in both the deep and shal-
low sections of the channel, potential and kinetic energies
remain equal, indicating an equilibrium state. This equi-
librium, however, is disrupted when the wave encounters
the abrupt change in bottom depth. Notably, equilibrium
is quickly re-established afterward as the wave continues
to propagate along the channel. An estimate of the time
required to reach this equilibrium can be made based on
the initial phase of wave generation. Figure 2 shows that
approximately 6 minutes are needed to achieve equilib-
rium following the initial sea level disturbance. This time
corresponds to a distance of approximately 75 km, which
the signal travels at the phase velocity. Thus, the time re-
quired for energy equilibrium to be reached in the channel
suggests that this state is attained when the signal has
traveled only half the initial length of the free surface dis-
turbance. This is also the time the two waves (2a and 2b,
as shown in Figure 1) are fully separated. In the next set of
numerical experiments, wave reflections is investigated at
the vertical bottom break by varying the depth in the shal-
low part of the channel (H;) relative to the deep portion
(Hg). This variation allows to derive the classical reflection
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coefficient, as detailed in Mei etal. (2005) and in Levin and
Nosov (2015). Additionally, a new coefficient, 1;, is intro-
duced defined by the maximum of the absolute difference
between kinetic and potential energy at the bottom break,
see Eq. (16). This coefficient, along with the classical re-
flection coefficient, will be plotted as a function of relative
depth.

1.0 ]
% 08 L =—===-=- Reflection coefficient by energy difference A
o L ]
uq:_) 06 L Reflection coefficient by amplitude ]
Q Ybl ]
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c
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5 L ]
] [ ]
© 02 - 4
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00 L . . | J

0.0 0.2 0.4 0.6 0.8 1.0

Relative depth (Hs/Hd)
Figure 3. Reflection coefficients at the bottom break. H;:
depth in the deep portion of the channel; Hy: depth in the
shallow portion. Continuous line: reflection coefficient
defined by the ratio of reflected to incident wave height.
Dashed line: coefficient defined by the energy difference.

In Figure 3, the shallow depth H, varies from 500 m
to the deep depth H; = 4500 m, with relative depth de-
fined as H;/Hy. The coefficient r; is calculated according to
Eq.(16). Toillustrate this, refer to Figure 2, where H; = 500
m, e, — e = 17.3 joule, and total energy 2*18.4 joule, there-
fore 1;=0.47, while the reflection coefficient (r) calculated
as the ratio of reflected to incident wave amplitudes, equals
0.5. Figure 3 shows that the traditional reflection coeffi-
cient based on wave height (or amplitude) is well corre-
lated with the coefficient based on the energy difference.
This correlation indicates that the reflection coefficients
are connected to the energy imbalance at the bottom fea-
tures. Our goal is to explore this imbalance in energy dis-
tribution as a potential indicator for identifying regions
of tsunami-ocean bottom interaction. In tsunami propa-
gation studies, it is relatively straightforward to measure
the incoming wave amplitude, but defining the reflected
wave amplitude is more challenging. By tracking both ki-
netic and potential energy in the computational process,
a new metric is added to evaluate the reflective proper-
ties of bottom features. Before advancing to ocean-wide
tsunami propagation, different interference patterns are
examined through different bottom profiles. Figure 4 (left
panel) shows two bottom profiles: one an abrupt change
from 4500 m to 500 m, and the other a smooth gradient
indicated by the dashed line. In the right panel, the energy
interference patterns in the time domain are illustrated
as the wave interacts with these bottom changes. For the
smoothed bottom transition, the maximum difference be-
tween potential (brown, dashed line) and kinetic energy
(blue, dashed line) reduces to 10.8 joules, compared to
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Figure 4. Left panel: Bathymetry profiles with abrupt (solid black) and smooth (dashed black) bottom breaks. Right
panel: Energy interference in time. Blue denotes kinetic energy, brown denotes potential energy. Solid lines correspond
to the abrupt bottom break, dashed lines to the smooth bottom break.
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Figure 5. Propagation of a sinusoidal wave in a channel with an abrupt bottom break. Left panel: Spatial distribution of
sea level. The initial displacement (1) evolves into the incident wave (2, blue). At the break, part of the wave is reflected
(3, green) into the deep domain, while the remainder is transmitted (4, green) into the shallow domain. Right panel:
Temporal variation of the energy partition depicting the interference pattern. The blue line denotes kinetic energy, and

the brown line with diamonds represents potential energy.

17.3 joules for the abrupt change. The reflection coeffi-
cientisr; = 0.29, and the amplitude reflection decreases to
r = 0.26. The amplitude of the reflected wave (not shown
here) reduces to 0.13 m, while the disturbance extends
over 300 km from its original 150 km in the incident wave.
The differences in interference patterns for the smooth
bottom profile arise from an extended reflection process
over time. The initial signal encounters deep water, where
the phase velocity is high. However, as it progresses up the
slope, the phase velocity decreases, slowing and lengthen-
ing the interaction. Consequently, the reflected wave de-
velops a steeper, shorter frontal lobe and a longer, slower-
moving tail. This behavior is evident in the interference
pattern, where a shorter initial signal is followed by a pro-
longed signal arriving after the peak in potential energy,
as shown in Figure 4. Similar behavior has been observed
in energy transformations in the time series of potential
and kinetic energy in the runup and rundown processes
of a solitary wave, as noted by Li (2000) and Zhao et al.
(2012). When the wave reaches the shore, it exhibits en-

ergy equilibrium. During the runup, the energy level is
amplified, with potential energy dominating over kinetic
energy. Conversely, at the rundown, the reverse process
occurs: kinetic energy increases while potential energy
decreases until equilibrium is restored.

The above specified bottom bathymetry with the sharp
break is applied to study the behavior of a sinusoidal wave,
which commonly represents tsunami waveforms gener-
ated by earthquake-induced seafloor deformation, where
uplift and subsidence combine to create the initial wave.
A sinusoidal free-surface deformation with a wavelength
of 150 km is positioned in the deep section of the channel
and propagates toward a bottom break.

In Figure 5, the initial free surface disturbance (1), with
an amplitude of 1 m, generates an incident wave (2, blue) of
0.5 min the left panel. Upon reaching the bottom break, the
wave partially reflects (3, green) and travels back toward
the left end of the channel and is partially transmmited
into the shallow domain (4, green). Notably, the incident
wave moves to the right with a leading edge depression,
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and after reflection, it propagates leftward still with a lead-
ing negative sea level. As a result, when the incident and
reflected waves interact at the bottom break, the negative
sea level is initially amplified, producing a potential energy
peak at around 46 minutes (right panel). The minimum
sealevel corresponds with a kinetic energy peak, and when
positive sea levels interact, a new potential energy maxi-
mum occurs around 53 minutes. The maximum difference
between kinetic and potential energies at 49.5 minutes
is 19.5 joules, yielding a reflection coefficient of r; = 0.53,
while the amplitude reflection coefficient is r = 0.5.

5. Japan Tohoku Tsunami of 11 March
2011

This investigation focuses on energy distribution in the
Japan Tohoku Tsunami of March 11, 2011. The tsunami
signal will be analyzed at several points between the source
and Koko Guyot (KG), and along its route to Crescent City
via the Mendocino Escarpment. Figure 6 illustrates the
bathymetry of the North Pacific used in our computations,
based on data from the British Oceanographic Data Centre
(2003). The numbers indicate points of signal recording
and analysis. The source of the Japan tsunami is modeled
using the formulations of Okada (1985) with parameters
described by Horrillo et al. (2012, 2021). The tsunami sim-
ulations are carried out with the Global Tsunami Model,

8/19

which was previously applied to the 2004 Indian Ocean
Tsunami (Kowalik et al., 2005) and the 2006 Kurile Islands
Tsunami (Kowalik et al., 2008). The step-by-step construc-
tion of the model, as well as the relationship between nu-
merical errors (numerical dispersion and friction) and
tsunami physics, are discussed in detail by Horrillo et al.
(2021) and Kowalik and Murty (1993). The model compu-
tations, performed in a spherical coordinate system, simu-
late 30 hours of tsunami propagation, allowing the signal
to traverse the entire North Pacific. Figure 7 presents the
sea level signals of the tsunami as it travels between Point
2 (near Japan) and Point 7 (Mendocino Escarpment). A
narrow positive peak, followed by a smaller amplitude
negative wave, travels from the source region (Point 2)
through the North Pacific (Point 3) to KG, without signif-
icant changes in wave characteristics. Upon reaching KG
seamount (Point 4), the sea level signal changes in peri-
odicity and character, with the negative peak reaching a
pronounced amplitude of nearly 3 meters. KG transmits
the tsunami signal to Hess Rise (Point 5), where both the
periodicity and amplitude of the sea level signal are fur-
ther altered. At Point 6, located east of Hess Rise (HR), the
signal displays positive and negative oscillations, which
undergo additional transformations as it travels toward
the Mendocino Escarpment (Point 7).

The maximum tsunami amplitude at each grid point
was recorded during this computation. The amplitude

North Pacific

58N

50N

42N

120W

140W

meters

-5000 0 50 100 500

1000

2000 3000 4000 5000 6000 10000

Figure 6. One-minute resolution bathymetry based on the GEBCO Atlas (British Oceanographic Data Centre, 2003).
Shown are some important bathymetric features and locations (crosses and numbers) to study tsunami signal.
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Figure 7. Sea level as a function of time in tsunami travelling between point 2 (in proximity to Japan) and Point 7
(Mendocino Escarpment).
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Figure 8. 3-D plot of the maximum modeled tsunami amplitude in the Northern Pacific, color scale in meters. Local
maxima are associated with bathymetric features such as seamounts and island chains.

represents the positive sea-level change from the meansea  amplitude within the North Pacific domain. The tsunami
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as a positive wave toward the southeast Pacific and as a
negative wave toward the Japan Sea. Some tsunami energy
propagates in a finger-like pattern, which is a result of
wave refraction and refocusing around chains of islands,
seamounts, and passages. A closer analysis reveals that
the strong directionality of the tsunami, influenced by the
elongated source, dominates its propagation. However,
this directionality is locally disrupted by maxima caused
by interactions with bathymetric features. The details of
these interactions are clearly depicted in Figure 8.

The maxima along the primary energy lobe result from
interactions with the Emperor Seamount Chain, and partic-
ularly with two prominent bathymetric features: KG and
HR, located at the southern tip of the chain. Smaller spikes
of energy are attributed to interactions with the Hawaiian
Ridge. The finger-like pattern of the energy lobe, as shown
in Figure 8, can be clearly associated with significant bathy-
metric features, see Tang et al. (2012) and Horrillo et al.
(2012). For example, the maximum energy directed to-
ward Crescent City is linked to the Mendocino Fracture
Zone. The maximum amplitude distribution indicates two
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distinct types of tsunami wave propagation: a relatively
smooth signal change across vast oceanic areas and abrupt
changes when a tsunami encounters prominent bathymet-
ric features. To better understand the interaction between
an incoming incident wave and significant bathymetric fea-
tures, the presence or absence of energy equilibrium is
analyzed. The lack of equilibrium corresponds to a strong
interaction between the wave and the obstacle.

6. Temporal relation between kinetic and
potential energies

First, in this section, the energy is analyzed to observe the
transoceanic propagation of the tsunami wave.

Figure 9 illustrates the temporal relationship between
potential and kinetic energy at four distinct points. The
analysis begins at the tsunami source located at 143°W,
38°N (Point 1 in Figure 6), proceeds to a nearby location
at 146.67°W, 38°N (Point 2, 322 km from the source), con-
tinues to a point in the northwest Pacific at 157.4°E, 35°N
(Point 3),and concludes at Koko Guyot (Point 4).

Point 2
6 A S B
< 5 Proximity to Japani
> 3 E
(@)] E
o 2 3
c
w1 E
0002 04 06 08 1o
Time (hour)
6"'|"'|?(?Ir']t'4l"'|"'
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24
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R
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T 2
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w q
3052542 36 3.8 4.0
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Figure 9. Japan earthquake of March 11, 2011. Temporal relationships between kinetic and potential energy from Point
1 in Figure 6 (the tsunami source) to Point 4 (Koko Guyot). Brown (dots/diamonds) represents potential energy, while

blue indicates kinetic energy.
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Figure 10. Japan earthquake of March 11, 2011. The temporal relationships between kinetic and potential energy from
Point 5 (Hess Rise) to Point 8 (NE Pacific). Brown color (dots/diamonds) potential energy, blue color indicates kinetic

energy.

The behavior of the energy at the source shows the
dominance of the potential energy, while the kinetic en-
ergy is just starting to grow. At the point located 322 km
from the source, the energy equilibrium is already estab-
lished, and this mode of energy transmission continues up
to KG. Here, equilibrium is broken, and the energy changes
in time in-a new way, different from the open ocean. Hence,
this energy plot confirms the strong interactions between
the tsunami and the KG bathymetry. Figure 10 depicts
energy, starting from the HR (Point 5, in Figure 6, at a
depth of approximately 2000 m). This location (179.33
E, 34.1N) exhibits different kinetic and potential energy
values. Thus, the HR also interacts with the tsunami. To
compare tsunami wave reflection at KG and HR the reflec-
tion coefficient r; is employed, formulated as the ratio of
the maximum potential-kinetic energy difference to the
total energy (see Eq. (16)). This value for KG is 0.5, and
for HR is 0.18. The difference in response is closely related
to the height of the seamount top over the oceanic plane.
From Figure 3, r; = 0.5 sets Hs/Hd close to 0.1 for KG, and
for HR r; = 0.18, sets Hs/Hd to 0.5. The scattering index
introduced by Mofjeld at al. (2001) equals 0.4 over KG and
is close to 0.1 at HR. The value of 0.4 places KG close to

the range of the major scattering seamounts. In conclu-
sion, KG and HR changed the tsunami signal by changing
the energy equilibrium and generating a broad spectrum
of oscillations. All remaining points (East of HR, 170°W,
35.5°N, Point 6; Mendocino Rise, 140°W, 39.93°N, Point
7; and NE Pacific, 141.33°W, 42.9°N, Point 8) in Figure 10
exhibit energy equilibrium. At the Mendocino Escarpment,
the depth along the N-S direction changes abruptly from
4000 m to 5500 m, but this does not affect the equilibrium.
Here, the tsunami wave propagates along the escarpment,
and the wave is amplified due to diffraction, which con-
centrates energy along the escarpment, see Kowalik at al.
(2008).

To partially address the role of KG and HR in organizing
far-distance propagation, the bathymetry is modified by
setting the depth to 4500 m to effectively remove their
influence. The resulting plot (Figure 11) shows potential
energy for the original bathymetry as a green dashed line
with diamonds, while a blue line represents the potential
energy for the modified bathymetry. The first group of
waves arriving at the Mendocino Escarpment remains un-
changed with the altered bathymetry, indicating that it trav-
els along a route unaffected by either HR or KG. However,
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Figure 11. Potential energy as a function of time at the Men-
docino Escarpment. The green line represents the regular
bathymetry, while the blue line represents the bathymetry
with Koko Guyot and Hess Rise removed. Time is measured
from the onset of the Japan tsunami.

the last group of waves, which exhibits the strongest energy
maximum, is entirely absent in the modified bathymetry.
This result suggests that the late-arriving secondary tsunami
signals are scattered from KG and guided by the elongated
HR towards the Mendocino Escarpment. The approach
of altering bathymetry, first introduced by Kowalik at al.
(2008) to study energy fluxes near Crescent City, has proven

helpful in this study for analyzing the influence of bathymetry

on the generation of potential energy.

7. Koko Guyot interaction with Japan
Tohoku Tsunami

7.1 Energy evolution

To investigate the interaction of tsunamis with prominent
bathymetric features and the development of the energy
change generated by such interactions, the details of tsunami
interactions with KG are analyzed.

Analyzing the distribution of kinetic and potential en-
ergy provides further insight into the dynamics of tsunami
interactions with KG. Two key parameters to consider are
the dimensionless ratio ey /e, and the dimensional differ-
ence e, — ey. Since these parameters fluctuate significantly
at each time step, their maximum values over time are iden-
tified at each computational cell. Figure 12 illustrates the
energy difference, showing that potential energy domi-
nates over the seamount’s summit, where strong sea level
oscillations develop. In contrast, kinetic energy prevails
along the seamount slope, where negative values are ob-
served. The most significant differences occur at the cen-
tral dome (6.5 joules), with smaller differences at the north-
west (3.5 joules) and southeast (2.5 joules) domes. Both

Energy difference (joule)

-2 -1 -01 O 01 05 2 3 4 5 7

1

Figure 12. Koko Guyot: colors indicate the maximum dif-
ference between potential and kinetic energies (e, —e;) at
each computational cell. Potential energy dominates over
the seamount summit (red), while kinetic energy prevails
along the slopes (blue and magenta) producing negative
values. Both energies contribute to the downstream wake
pattern, directing energy toward the Hess Rise. Bathymet-
ric contours (black lines) are in meters.

kinetic and potential energy follow the downstream wake
pattern, directing energy toward HR.

To capture the reflection dynamics during the initial
interaction of the tsunami with the KG seamount; the pro-
cesses that occur as the primary wave approaches from
the northwest and propagates toward the northwest dome
are analyzed. Figure 13 illustrates the time history of sea
level and energy at three locations, starting from the shal-
lowest point at the northwest dome of KG at a depth of 350
m, and two additional points located further northwest
at depths of 1000 m and 4000 m. The energy differences
in the positive wave increase from 0.24 joules at 4000 m,
to 0.75 joules at 1000 m, and to 2.3 joules at 350 m (left-
hand panels) while simultaneously, the sea level minimum
drops from —1 m to —3 m. As the wave propagates into
shallower waters, two distinct processes occur: the dis-
parity between potential and kinetic energy grows in the
positive wave, at the same time the negative portion is am-
plified and becomes dominant at the summit. This process
notably influences wave reflection as the wave approaches
the dome. The reflection coefficient r; begins at 0.19 at
4000 m, where the wave-seamount interaction initiates,
and increases to 0.45 at both 1000 m and at 350 m. This
final value closely matches the coefficient observed at the
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Figure 13. Energy and sea level as a function of time for a tsunami approaching the northwest dome. Brown represents
potential energy and sea level; blue represents kinetic energy.

central dome of KG. A similar pattern is observed along
the western and northern flanks, where the wave wraps
around the central dome.

7.2 Wave evolution in time

The short time history of sea level amplification caused by
the Japan Tohoku Tsunami is illustrated in the four pan-
els of Figure 14. The first tsunami wave, arriving at the
northwest flank of the seamount (upper left panel), slows
down due to the shallow depth along the ridge. Following
the positive wave (first wave), a blue domain represent-
ing the amplified negative signal appears and travels (as
shown in the upper row of the panels) toward the cen-
ter of KG. Primary tsunami amplification is driven by the
interaction between the slowly moving wave along the
ridge and the faster-moving waves in the deep ocean. This
phenomenon is depicted in the upper row of Figure 14,
where the steep slope of the seamount almost halts the
tsunami wave. The wavefront bends and wraps around
the seamount, resulting in a secondary interaction as the
tsunami shoals along the less steep slopes. This interaction

organizes a strong negative signal in the middle portion of
the seamount (left panel in the lower row). Subsequently,
a new wave is formed, shifting the source of the negative
signal to the southern and eastern flanks of KG (lower right
panel).

To support the conclusion that energy is concentrated
at the seamount during the initial interaction stage and
subsequently becomes the source of a new tsunami wave,
two vector plots of energy flux are presented in Figure 15.
These plots, taken att = 10 and 30 minutes after the wave’s
arrival at the northwest slope of the seamount, clearly
demonstrate the initial concentration of energy and its
later radiation. The transition from concentration to ra-
diation occurs around 20 minutes, further emphasizing
the role of the seamount as the source of the new tsunami
wave.

7.3 Simplified case: Elliptical seamount

An elliptical seamount model is used to simplify the bathy-
metry of KG in order to reproduce and highlight key conclu-
sions from the experiments described above. The base of
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Sea level (meter)

-15 -1 -05

bathymetry (in met

the seamount lies at a depth of 4000 m and is represented
by an ellipse with a semi-minor axis of 35 km and a semi-
major axis of 55 km. Beyond the base, the depth remains
constant at 4000 m. The summit, located at a depth of 400
m, is modeled by an ellipse with a semi-major axis of 27
km and a semi-minor axis of 10 km. In the computations,
the distance between the grid points is 2 km.

As shown in Figure 14, the tsunami interacts with the
KG seamount as it moves from the northwest flank to the
southeast flank, following the seamount’s elongated axis.
In this simplified numerical experiment, a 20-minute si-

0 0.5 1 15 2

e of March 11, 2011: Time history of tsunami waves interacting with Koko Guyot,
rs). Time starts after the wave arrival to the NW dome. Continuous lines represent

nusoidal wave with a 1 m amplitude propagates from the
open boundary toward the ellipse’s major axis to simulate
this interaction. Figure 16 illustrates how energy and sea
level respond in three different regions of the seamount,
with notable amplification near the summit. The three
test depths are located at grid points along the line falling
on the semi-major axis. The broken green line represents
the sinusoidal wave at the open boundary, showing a posi-
tive sea level at the wavefront. In the deep ocean domain,
energy remains balanced between the positive and nega-
tive sea levels. On the upstream seamount slope (middle
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Figure 15. Energy flux vectors scaled to the same magnitude. The left panel represents 10 minutes after wave arrival,
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Figure 16. Response of an elliptical seamount to a sinusoidal wave with a 1 m amplitude propagating along the major axis
of the ellipse. Left panels: Energy variation over time, with brown representing potential energy and blue representing
kinetic energy. Right panels: Sea level variation over time, shown in green. Top row: Open ocean at 250 km from the
open boundary. The dashed line shows sea level at the open boundary. To highlight differences, the potential energy
plot is shifted forward by 2 minutes, as potential and kinetic energies are identical at this location. Middle row: The
seamount slope region. Bottom row: The upstream summit of the seamount at 400 m depth.
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Figure 18. Maximum difference between potential

and kinetic energies. Potential energy dominates over
the seamount summit (red), while kinetic energy pre-
vails along the slopes (blue), producing negative values.
Bathymetry contours are given in meters by blue lines.

row), the wave interacts with the topography, amplifying
both the crest and the trough, with the trough experienc-
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ing stronger amplification. This leads to the dominance
of potential energy associated with the negative sea level,
as shown in the left panel of the middle row. At the up-
stream summit of the seamount (lower row, left panel), the
highest peaks in both potential and kinetic energy occur,
accompanied by a significant difference in sea level be-
tween the wave crest and trough (lower row, right panel).
The trough causes a sharp drop in water column height, in-
creasing potential energy. After the sinusoidal wave passes,
the summit exhibits partially trapped and radiated oscilla-
tions that gradually dissipate over time. These processes,
depicted in Figure 16, closely resemble those observed at
the northwest dome of KG Figure 13, lower panel), show-
ing similar patterns of sea level amplification and energy
behavior.

Experiments with the simplified elliptical seamount
reveal its reflective properties using Eq. (14). In the deep
domain, r;=0, on the slope (H = 1218 m) 7;=0.4 for the
crest and 0.37 for the trough; and at the top (H = 400 m),
1;=0.5 for the crest and 0.45 for the trough. These values
align closely with the coefficients calculated for the KG
seamount. This approach appears to effectively capture
the initial interactions of a wave with the upstream summit
of the elliptical seamount.

Figure 17 shows the reflection coefficient pattern across
the entire seamount. These are the maximum values at-
tained over time at each computational cell. The initial
interaction between the wave and the seamount produces
reasonable values of the reflection coefficient, particularly
on the upstream slope of the seamount. However, as the
wave, with its established energy differences, continues
to interact with the seamount, these differences are am-
plified by dynamic processes occurring at and around the
seamount. Consequently, neither the downstream pattern
nor the high reflection coefficient values in this region can
be attributed solely to reflection processes. Further insight
into tsunami-seamount interactions can be obtained by
analyzing the differences between potential and kinetic
energy. Unlike the reflection coefficient, which uses the
absolute value of the energy difference (see Eq. (16)), it
is also possible to examine both the positive and negative
maximum values over time at each computational cell. Fig-
ure 18 illustrates the maximum energy difference, reveal-
ing that potential energy dominates over the seamount’s
summit, where strong sea level oscillations develop, partic-
ularly near the right focal point of the elliptical pattern. In
contrast, kinetic energy prevails along the seamount slope,
aligning with the downstream wake patterns. Therefore,
the distribution of large reflection coefficient values in the
downstream field is closely linked to the amplification of
potential and kinetic energies in this region.

To better understand the changes in the upstream re-
flection coefficients, the energy fluxes associated with the
wave as it propagates over the seamount are analyzed. Fig-
ure 19 illustrates the temporal evolution of energy flux over

687

688

689

690

691

692

693

694

695

696

697

698

699

700

701

702

703

704

705

706

707

708

709

710

711

712

713

714

715

716

7

718

719

720

721

722

723

724

725

726

727

728

729

730

731

732

733

734

735

736

737

738

739

740

741



742

743

744

745

746

747

748

749

750

751

752

753

754

755

756

757

Energy as a tool to study tsunami-bathymetry interaction

60 80 100 120 140

Energy flux (1

17/19

T=22 min

$838888080808
ST

"0).'
B
%
2

‘%‘gmmm;

il
3

4 Te T,
T

¥
S
=
I
e
e
1oe
ae
ad
ad
ad
ad
ae
I

T

XX XXX XX2222222 X XXXX XXX XXX

0 20 40 60 80

Osmmeum9

o

01 05 01 02 03 04 05 07 09

Figure 19. A sinusoidal wave with 1m amplitude propagates from left to right. The elliptical mountain is represented by
red contour lines. The four panels depict the temporal evolution of energy flux over the seamount. Vectors indicate the
direction of energy flux, while colors represent its magnitude.

the seamount in four panels. At 14 minutes, the wavefront
approaches the seamount. While the energy flux magni-
tude remains relatively low, the seamount causes energy
reflection by the upstream slope and energy concentration
towards the downstream slope. By 22 minutes, as the wave
reaches the vicinity of the seamount, the energy flux vec-
tors begin to deflect and curve around the elliptical moun-
tain, indicating a tendency for energy to concentrate over
the seamount. At 33 minutes, during the passage of the
second half-wave (negative sea level), the interaction inten-
sifies. The highest energy flux values (depicted in yellow
to red colors) occur near the seamount’s summit, signaling
energy convergence. At the same time, the energy flux vec-
tors show significant deflection and divergence away from
the summit, with minimal energy directed upstream and a
larger flux directed downstream. At 40 minutes, after the

wave has passed over the seamount, the energy flux vec-
tors form a complex pattern downstream. High energy flux
regions are concentrated near the lee side of the seamount,
while weaker fluxes persist farther away. The interaction
between the wave and the seamount significantly alters
the wave’s energy distribution, creating regions of focused
energy and distinctive downstream wake patterns. These
energy-driven dynamics are also reflected in the down-
stream distribution of the reflection coefficient, as shown
in Figure 17.

8. Conclusions and discussion

This study demonstrates a new approach to investigate
the interaction of tsunamis with bathymetry that focuses
on local energy equilibrium. By decomposing the tsunami
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energy into kinetic and potential components, a new re-
flection coefficient based on the local energy imbalance is
introduced. The energy equilibrium at specific points and
times is analyzed, starting with a simplified channel model
that features a depth discontinuity. Extending this analysis
to the 2011 Japan Tohoku Tsunami, we find that while en-
ergy equilibrium is maintained across vast ocean distances,
it is disrupted at KG. Prior investigations (e.g., Yoon et al,,
2014; Tang et al., 2012; Kowalik et al.,, 2008) primarily em-
ploy energy flux or amplitude-based amplification factors
to study similar phenomena. In contrast, we introduce
energy imbalance as a distinct metric, thereby yielding a
refined understanding of the spatial and temporal dynam-
ics of tsunami energy in the vicinity of complex bathymetry.
Using a simplified elliptical seamount model resembling
KG, key patterns of wave amplification observed in the
Tohoku Tsunami 2011 are confirmed. These experiments
also show that proper application of the reflection coeffi-
cientis mostrelevant during the initial interaction between
the incoming wave and the seamount. As the wave, with
its initial energy difference, continues to interact with the
seamount, this difference becomes amplified by dynamic
processes occurring at and around the feature. The am-
plified difference then propagates downstream, forming a
wake pattern. The role of topography in tsunami energy
transformation is well studied, particularly by Kim and
Son (2018), who analyze how tsunami waves evolve over
the continental slope and shelf. To this end, energy, mass,
and momentum are integrated at each time step along
the wave’s propagation path. Their results are consistent
with this work, indicating that energy transformation is
particularly significant on steep continental slopes, while
potential and kinetic energies remain balanced on the shelf
until wave breaking occurs. The reflective properties of
bathymetric features are studied analytically by Mofjeld
etal. (2000). They introduce a scattering index based on
the depths at the top and base of bathymetric features.
For KG, the scattering index is consistent with the reflec-
tion coefficient calculated in this study. While Mofjeld et
al. (2000) examined the amplitudes of incident, reflected,
and transmitted waves, we introduce energy interference
patterns between the incident and reflected waves. A key
parameter in both the scattering index and the reflection
coefficient is the horizontal dimension of the bathymetric
feature relative to the wavelength (L) of the incoming wave.
With a horizontal dimension of roughly 100 km, KG falls
within the wavelength range typical of tsunami periods.
To examine KG’s interaction with waves of varying peri-
ods, a sinusoidal wave with a 1 m amplitude and periods
ranging from 5 to 60 minutes is sent toward the seamount.
The results indicate that the wave amplitude at the sum-
mit significantly increases—by up to four times—around
a 20-minute period. Shorter waves (L = 60 km, period
5 min) are strongly reflected, while longer waves (L > 600
km, period 50 min) exhibit high transmissivity, suggest-
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ing minimal interaction with KG. The concepts of potential
and kinetic energy, though applied here to wave reflection,
have broader significance. Tracking energy imbalances
clarifies tsunami dynamics by distinguishing regions of
kinetic (high velocities) and potential (large sea levels)
energy dominance. This approach links tsunami observa-
tions and models to the fundamental concept of energy,
with the ratio ey /e, and the difference e, — ej, serving as
useful diagnostic tools.
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